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Abstract
We present a derivation of the Bekenstein-Hawking entropy from conformal
field theories. In particular we consider a six-dimensional string configura-
tion with background metric AdS3 × S3 near the horizon. In addition we
introduce momentum modes along the string, corresponding to a Banados-
Teitelboim-Zanelli (BTZ) black hole in the anti-de Sitter (AdS) space-time,
and a Taub-NUT soliton in the transverse Euclidean space, projecting out a
discrete subgroub of S3. This spherical part is described by a SU(2)
Z(m) Wess-
Zumino-Witten (WZW) model. The AdS3 space-time, on the other hand, is
determined by two conformal field theories living at the two boundaries: One
SL(2,R)
U(1) WZW model on the horizon of the BTZ black hole and one Liouville
model at infinity. The extremal BTZ black hole interpolates between these
two conformal field theories. Moreover, we argue that the sum of the three
conformal field theories yields the correct microscopic state-counting includ-
ing all α′ corrections.
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1
1Recently there has been a lot of interest in certain d-dimensional conformal field theories
that can be described in terms of supergravity and/or string theory on the product of a
(d + 1)-dimensional anti-de Sitter (AdS) space with a compact manifold [1–5]. In this
letter we use this property to derive from the near-horizon geometry of the six-dimensional
fundamental string solution an exact formula for the extremal Bekenstein-Hawking entropy
from conformal field theories (CFTs) including all α′ corrections.
As our “master model” we consider the string configuration in six dimensions. Using U -
duality we transform all charges into NS-charges and focus on four non-trivial charges. The
general string solution has the following background metric in the string frame [6]
ds2 =
1
H1
(dudv +H0du
2) +H2
(
1
H3
(dx4 + ~V d~x)
2 +H3 d~xd~x
)
(I.1)
with v, u = z ± t and ~∇× ~V = ~∇H3. Every harmonic function parametrizes one brane:
H1 = 1 +
q1
r
: the fundamental string
H0 = 1 +
q0
r
: wave-modes along the string
H2 = 1 +
p2
r
: (compactified) NS-5-brane
H3 = 1 +
p3
r
: KK-monopole (Taub-NUT space)
Introducing polar coordinates, we find for the near-horizon geometry
ds2 =
r
q1
[
−dt2 + dz2 + q0
r
(dz − dt)2
]
+ p2p3
(
dr
r
)2
+
p2p3
[
(dζ + (±1− cos θ) dφ)2 + dΩ2
]
(I.2)
where x4 = p3ζ and the “±” ambiguity indicates the different choices for V for the north and
south hemisphere. Thus, near the horizon r = 0 the six-dimensional space-time becomes a
product space of two three-dimensional subspaces
M6 = AdS3 × S3/Zm (I.3)
The Euclidean space S3/Zm is described by a SU(2)/Z(m)-WZW model (see [15] and refer-
ence therein), the discrete subgroup is projected out due to the KK-monopole (ζ ≃ ζ + 4pi
m
).
This model corresponds to an exact two dimensional conformal field theory (CFT) with level
and central charge
k ≡ kSU =
p2p3
α′
, cSU =
3k
k + 2
− 1 . (I.4)
Thus, in the classical limit k →∞ (or α′ → 0) one obtains cSU = 2. Since we have a compact
group manifold k has to be quantized (positive integer). The non-compact three-dimensional
space-time AdS3, on the other hand, represents the extreme Banados-Teitelboim-Zanelli
(BTZ) black hole solution [7] for appropriate values of the charges with coordinates xµ =
(t, z, r). Starting from (I.1), we can perform the following coordinate transformation
2t→
√
2q1
l
t , z →
√
q1
2l
z , r → 2r
2
l
− q0 (I.5)
to obtain the metric:
ds2 = −e−2V (r) dt2 + e2V (r) dr2 +
(r
l
)2 (
dz − lq0
2r2
dt
)2
(I.6)
with
e−V (r) =
r
l
− q0
2r
=
r2 − r20
rl
, r20 =
lq0
2
, l2 = 4p2p3 (I.7)
The metric (I.6) satisfies the boundary conditions given in [8] and is therefore asymptotically
anti-de Sitter with radius l. The horizon of the BTZ black hole is located at r = r0 and
solves the three-dimensional Einstein-Hilbert action
SEH =
1
2κ23
∫
AdS3
d3x
√−g (R − 2Λ) (I.8)
including a negative cosmological constant Λ = −1/l2. In the limit q0 → 0 one obtains the
empty space solution (AdS vacuum state) with metric
ds2vac = −
r2
l2
dt2 +
l2
r2
dr2 +
r2
l2
dz2 . (I.9)
In the context of our “master model” this vacuum solution is obtained if there are no wave-
modes along the six-dimensional string configuration. Note that the vacuum solution and
the “standard” AdS3 metric
ds2AdS3 = −
(
r2
l2
+ 1
)
dt2 +
(
r2
l2
+ 1
)−1
dr2 +
r2
l2
dz2. (I.10)
are globally inequivalent (for a detailed discussion see [7,2]). The BTZ black hole can be
parametrised by a dreibein e (with components e aµ ). Here we choose the following dreibein
e with inverse e−1 (with the components eµa)
e =


e−V −r20/rl 0
0 r/l 0
0 0 eV

 , e−1 =


eV 0 0
eV r20/r
2 l/r 0
0 0 e−V

 . (I.11)
It is known that gravity in 2 + 1 dimensions is equivalent to Chern-Simons theory [9,10],
where the gauge group is the AdS diffeomorphism group SO(2, 2) ∼ SL(2,R)R×SL(2,R)L,
i.e.
SEH = SCS[A] − SCS[A¯] (I.12)
with
3SCS[A] =
k
4π
∫
M3
d3x ǫµνρ Tr (Aµ∂νAρ +
2
3
AµAνAρ) (I.13)
Strictly speaking, this form of the Chern-Simons action is only valid for models on a closed
three-manifold M3. Here we consider M3 = R × Σ, where R corresponds to the time of
the covering space of AdS3 and Σ represents an “annulus” r0 < r < ∞. In order to obtain
a well-defined Chern-Simons action additional boundary terms must be introduced. These
boundary terms have an important consequence. Chern-Simons theory on a closed manifold
is purely topological, which is easily seen from (I.13), since it does not require a particular
metric. Furthermore, connections A which differ only by a gauge transformation lead to
the same contribution to the path integral. However, introducing boundaries “would-be”
gauge degrees of freedom become dynamical at the boundaries. The gauge connections of
the Chern-Simons action are related to the Einstein-Hilbert action by [9]
A = (ωa +
1
l
ea) Ta, A¯ = (ω
a − 1
l
ea) T¯a. (I.14)
Here ωa = 1
2
ǫabcωbc, where ωbc denotes the spin-connection one-form. Moreover, (Ta, T¯a) are
the generators of two SL(2,R) Lie algebras with
T0 =
1
2

 0 −1
1 0

 , T1 = 1
2

 0 1
1 0

 , T2 = 1
2

 1 0
0 −1

 . (I.15)
satisfying
[Ta, Tb] = ǫ
c
ab Tc, [Ta, T¯b] = 0, Tr(TaTb) =
1
2
ηab (I.16)
with η = diag(−1, 1, 1) and ǫ012 = 1. The spin connections are obtained by solving
dea + ωa b ∧ eb = 0
We choose conventions where the three-dimensional gravitational coupling is related to the
level k by
k =
2πl
κ23
=
p2p3
α′
. (I.17)
After some tedious calculations one obtains for the gauge connections coming from the
extremal BTZ black hole
A0 =
r2−r2
0
rl2
dv, A¯0 =
r2−r2
0
rl2
du,
A1 =
r2−r2
0
rl2
dv, A¯1 = − r2+r20
rl2
du,
A2 =
r2+r2
0
r2−r2
0
dr
r
, A¯2 = −dr
r
.
(I.18)
or, equivalently, with T± = T1 ± T0
4A =
r2−r2
0
rl2
dv T+ +
r2+r2
0
r2−r2
0
dr
r
T2 ,
A¯ = (
r2−r2
0
rl2
T¯0 − r
2+r2
0
rl2
T¯1) du− drr T¯2 .
(I.19)
It can be checked that the field strength F = dA+A∧A as well as F¯ vanish and, therefore,
these connections are pure gauge
A = g−1dg , A¯ = g¯−1dg¯ (I.20)
with g ∈ SL(2,R)R and g¯ ∈ SL(2,R)L. To understand this from a different point of
view, let us take the chirality conditions Au = A¯v = 0 as boundary conditions. They can
be implemented consistently by adding an appropriate term to the Chern Simons action.
The variation of this additional boundary term has to cancel the boundary term coming
from the variation of the Chern-Simons action, such that the variation of the total action
does not receive corrections from the boundary. In the Chern Simons action, the temporal
components of the gauge connection (At, A¯t) appear as Lagrange multipliers enforcing the
constraint Frz = F¯rz = 0 (see e.g. [11]). This constraint is satisfied by the extremal BTZ
black hole solution. Moreover, since in our particular model the gauge fields depend only
on the coordinate r, all other field strength components vanish, too.
It follows that the Chern-Simons model or, equivalently, the extremal BTZ black hole can
be rewritten as a WZW-model [12]
SWZW [g] =
k
8π
∫
∂M3
d2x Tr [(g−1∂µg)(g
−1∂µg)] +
k
12π
Γ[g]
Γ[g] =
∫
M3
d3x ǫµνρ Tr [(g−1∂µg)(g
−1∂νg)(g
−1∂ρg)] . (I.21)
where g ∈ SL(2,R) depends only on the boundary coordinates. g is now dynamical variable.
However, not all gauge degrees of freedom are dynamical. We are still left with a residual
gauge invariance. As a consequence we have to consider a coset model rather than a full
SL(2,R) WZWmodel. The particular form of the coset depends on the boundary considered
(see also [13]). In our model we have two boundaries, one at the horizon of the BTZ black
hole (r = r0) and another one at infinity. Both boundaries are parameterized by (u, v). The
non-vanishing gauge fields (Av, A¯u) become
on the horizon : r = r0 at infinity : r →∞
Av = 0 , A¯u =
−2r0
l2
T¯1 Av =
r
l2
T+ , A¯u =
r
l2
T¯−
(I.22)
To fix all gauge degrees of freedom, we have to fix the T1-component of A¯u at the boundary
at r = r0 and the T+ component of Av and the T¯− component of A¯u at the boundary
at r → ∞. Alternatively, one can implement the correct boundary conditions directly in
the WZW model. First, one adds up both chiral WZW-models to one non-chiral SL(2,R)
model. Next, since the gauge fields are pure gauge, the boundary conditions (I.22) become
constraints of the SL(2,R)-currents of the (non-chiral) WZW-model. These constraints can
be taken into account by gauging the corresponding group direction. Note that one has
two different boundary conditions at the two boundaries. It follows that there are also two
5different CFT’s at each boundary.
(i) The outer boundary. Here, the boundary conditions (I.22) yield constraints on the
currents of the WZW-model:
J+v = −
k
2
Tr(T+g
−1∂vg) = const, J
−
u = −
k
2
Tr(T−g
−1∂ug) = const. (I.23)
Imposing these constraints, the SL(2,R) is truncated to a Liouville model [16,18,17,14] with
central charge
cL =
3k
k − 2 − 2 + 6k . (I.24)
This truncation corresponds to a gauged WZW-model, where a lightlike direction has been
gauged, i.e. to a SL(2,R)
O(1,1)
WZW model.
(ii) The inner boundary. Here, the boundary condition does not fix a lightlike group di-
rection, but a spacelike. So we have to consider a SL(2,R)
U(1)
WZW model, where the U(1)
corresponds to the T1 direction. The central charge in this case is
cSL =
3k
k − 2 − 1 (I.25)
Note that this is not the “standard” gauged WZW model, instead the non-vanishing bound-
ary conditions yield non-vanishing but fixed WZW currents.
Putting it all together the six-dimensional model (I.2) is determined by a superposition of
three conformal field theories. Two of them are living on each boundary of AdS3 and one
takes the S3/Zm space into account. In order to obtain the total central charge we must add
up all contributions and obtain
ctot = cSU + cSL + cL =
( 3k
k + 2
− 1
)
+
( 3k
k − 2 − 1
)
+
( 3k
k − 2 − 2 + 6k
)
. (I.26)
Thus, the complete entropy is given
S = 2π
√
1
6
ctotN . (I.27)
To compare this result with the Bekenstein-Hawking entropy, we will embed our model in
the heterotic superstring theory. Thus, we will consider the corresponding Super-CFT. The
corresponding modifications are straightforward: In the SU(2) model we have to replace k
by k−2 and in the SL(2) models by k+2. In addition one has to add 1/2 for every fermionic
mode. It follows that the total superconformal central charge has the general form
ctot = 6k + β +
γ
k
, (I.28)
Note, however, that the total central charge of our master model, for which γ = 6, has
a k ↔ 1/k symmetry and, therefore, there is a lower bound for k: ctot becomes minimal
at k = 1. It is interesting to note, that in the case of double-extreme black holes (i.e.
for constant scalar fields) this bound yields also a bound for the BPS-mass. In the classical
6limit the double-extreme BPS mass vanishes for vanishing charges and the classical black hole
solution “disappears”. However, our result indicates, that one obtains the lowest possible
value of the mass for k = 1, corresponding to p2p3 = α′. This is an interesting result and
deserves further investigations.
The oscillator number N can be obtained from the level matching condition. The mass of
elementary heterotic string states are given by
M2BPS ∼ NL − 1 +
1
2
p2L =
1
2
p2R =
1
4
(
q0
R
+ q1R)
2 (I.29)
Here, NL ≥ 0 are number operators and (pL, pR) is a vector in the Narain lattice and, in terms
of the integer valued momentum [winding] quantum number q0 [−q1], pL,R = 1√2(
q0
R
∓ q1R
α′
).
Thus, one obtains
N = NL = 1 +
q0q1
α′
. (I.30)
It follows that the entropy of the string configuration is given in the BPS limit by
S = 2π
√
1
6
(
1 +
q0q1
α′
)(
6k + β +
γ
k
)
(I.31)
with k = p
2p3
α′
. Here β and γ are fixed by the fermionic contributions.
Hence we found the exact microscopic form for the entropy of the six-dimensional string con-
figuration in the BPS limit including all α′ corrections. Compactification to four dimensions
yields the microscopic form for the corresponding black hole configurations. For a detailed
discussion we also refer to [4].
In the limit of large q0 our result should yield the Maldacena-Strominger-Witten formula
[19,20]
S = 2π
√
q0(6D + c2ApA)
6
. (I.32)
if D = p1p2p3 and c2A = c21 = β. Indeed, in the large q0 limit we obtain NL =
q0q1
α′
and,
performing the symplectic transformation q1 → p1 in order to map the type II result to the
heterotic side, both results coincide for large k. Moreover, in the classical limit k →∞ (or
α′ → 0) one obtains
Sclassical = 2π
√
q0D, cclassical = 6k. (I.33)
It follows that the classical entropy is given by largeNL and the central charge of the Liouville
model, only. Note that this result holds for supersymmetric and non-supersymmetric central
charge of the Liouville model.
Moreover, it is straightforward to generalize the results to an O(m,n) invariant form (see
[21] for example):
q0q1 → ~QL~Q, p2p3 → ~PL~P , ~P , ~Q ∈ O(m,n). (I.34)
7Here L denotes the O(m,n) metric. Thus, one obtains
NL = ~QL~Q + 1, and k =
~PL~P
α′
. (I.35)
In summary, we have shown that the six-dimensional string configuration yields a product
space near the horizon r = 0. This product space yields four WZWmodels at the boundaries,
which can be reformulated as three different conformal field theories. This result can be
used to find the relevant microscopic quantum states giving a statistical interpretation to
the macroscopic Bekenstein-Hawking entropy. Here, we computed the exact entropy in the
BPS limit including all α′ corrections from CFTs. One important result of this letter is that
we found one SL(2,R)
U(1)
gauged WZW model at the inner boundary B0, i.e. at the horizon of
the BTZ black hole, and two chiral WZW models at the outer boundary B∞ giving rise to
one Liouville model [14,13]. The extreme BTZ black hole interpolates between these two
boundaries with their CFTs. We argued that the sum of all CFTs, living at the boundaries of
the near-horizon space-time, yields the correct microscopic state-counting procedure. Thus,
we follow the general idea that the Bekenstein-Hawking entropy should be accounted for
by microstates near the horizon [22,2]. Note that we only considered the leading order
contributions to the Bekenstein-Hawking entropy. In general there are further subleading
(logarithmic) contributions [23].
One should keep in mind, that our total central charge is not fixed by the total central charge
of the conformal anomaly of heterotic superstring theory. As pointed out before the crucial
point is that we discussed only boundary CFT’s. Since the Liouville field parametrises radial
fluctuations of AdS3 it resembles very much the old disussion that non-critical string theory
in d dimensions becomes critical in d + 1 dimensions. In this context the Liouville field
compensates for the d-dimensional matter central charge. For a discussion on these issues
we refer also to [3].
This letter motivates the following picture on the location of the microscopic states that
are encoded in the four-dimensional Bekenstein-Hawking entropy. Classically (k →∞) the
only contribution to the entropy comes from the Liouville model living at the outer AdS
boundary. It is suggestive to understand this boundary as the mouth region of the black hole
throat geometry. But this is not the whole story, since additional subleading contributions
come from states located at the bottom of the throat, which are independent of the Liouville
mode.
It would be very interesting to obtain additional macroscopic examples including all α′
corrections. In fact, currently we prepare another article on the general setup presented in
this letter including further details and extensions.
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